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We investigate two-frequency photoassociation of a weakly bound molecular state, focusing on a
regime where the AC Stark shift is comparable to the halo-state energy. In this “high-intensity”
regime, we observe features absent in low-intensity two-frequency photoassociation. We experi-
mentally measure the spectra of 86Sr atoms coupled to the least bound state of the 86Sr2 ground
electronic channel through an intermediate electronically excited molecular state. We compare the
spectra to a simple three-level model that includes a two-frequency drive on each leg of the transi-
tion. With numerical solution of the time-dependent Schro¨dinger equation, we show that this model
accurately captures (1) the existence of experimentally observed satellite peaks that arise from non-
linear processes, (2) the locations of the two-photon peak in the spectrum, including AC Stark
shifts, and (3) in some cases, spectral lineshapes. To better understand these numerical results, we
develop an approximate treatment of this model, based on Floquet and perturbation theory, that
gives simple formulas that accurately capture the halo-state energies. We expect these expressions
to be valuable tools to analyze and guide future two-frequency photoassociation experiments.
I. INTRODUCTION
The coherent coupling of atoms to bound dimers using
light is a fundamental tool in ultracold physics. It pro-
vides a sensitive probe of interatomic potentials [1, 2],
can be used to control the interaction strength with an
optical Feshbach resonance [3–5], and is a key step in
creating ultracold ground state molecules [6–9].
Recent experiments [10] have spectroscopically probed
a weakly-bound halo state in ultracold alkaline-earth
atoms. Halo state molecules are molecules with a large
spatial extent, with most of the wavefunction residing in
the classically forbidden region [11]. Ultracold alkaline-
earth atoms are an exciting form of quantum matter [12],
offering extremely long-lived electronic clock states [13],
a large nuclear spin degeneracy in the fermionic isotopes
(up to N = 10 states for 87Sr), and an SU(N) symmetry
that can stabilize quantum fluctuations [14, 15].
Accessing halo states in alkaline-earth atoms requires
different tools than in alkali atoms, as the former’s closed
electronic structure precludes the existence of magnetic
Feshbach resonances [5] and the formation of weakly
bound molecular states through magnetoassociation [16],
and it forbids one-photon processes from coupling a well-
separated pair of atoms to the halo dimer [17]. Con-
sequently, Ref. [10] used two-photon photoassociation
(PA) through an intermediate molecular bound state
in an excited electronic channel, following techniques in
Refs. [6, 18, 19], as illustrated in Fig. 1(a). If the frequen-
cies ωA and ωB of the two lasers are sufficiently different,
∗ kaden@rice.edu
only one laser will be relevant for driving each leg of the
two-photon transition, corresponding to the commonly
used Λ-model [20, 21]. When the intermediate state de-
tuning is much larger than the Rabi frequency of each
leg of the transition, the Λ-model predicts a single pho-
toassociation peak at ωB − ωA = −Eb, where Eb < 0 is
the halo-state energy (including light shift). (Here and
throughout, ~ = 1.)
However, this description is not always accurate. One
such case is when the magnitude of the unperturbed halo-
state energy, E0b , is not large relative to the detuning
from the intermediate state. In this case, the PA lasers
are similar enough in frequency that both are relevant for
each leg of the transition. This two-frequency drive for
each leg of the transition leads to additional AC Stark
shifts, as we will discuss in Sec. IV.
A second case where treating each leg with a single-
frequency drive is inadequate is when E0b (which we will
also refer to as the unperturbed binding energy) is not
much larger than the AC Stark shift. In this regime, addi-
tional peaks appear in the PA spectra at approximately
Eb/2, Eb/3, . . ., as shown in Fig. 1(c). This occurs at
high intensities and/or low intermediate-state detunings,
and we will refer to this as the “high-intensity” regime
throughout this paper. We will discuss the origin of this
effect in detail in Sec. VI. As per Fig. 1(c), we will re-
fer to the most red-detuned line in the spectrum as the
main negative peak, the most blue-detuned line as the
main positive peak, and the additional peaks as higher
order peaks.
In this paper, we measure spectra in the high-intensity
regime and develop a theory that accounts for the ef-
fects of the two-frequency drive when the molecular bind-
ing energy is small and excitation laser intensity is high.
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2FIG. 1. (a) A schematic of the two-frequency PA process. E1 is the intermediate state energy, ∆1 is the detuning of laser ωA
from the 0 → 1 transition, and ∆2 is the two-photon detuning with respect to the 0 → 2 transition. (b) Possible resonance
processes at different PA laser frequencies, ωA and ωB , that correspond to different peaks observed in experimental PA spectra,
as labeled in (c). The second-order peaks only become possible if we assume both lasers drive each leg of the transition. (c-f)
Atom loss spectrum obtained from PA experiment (circles) and numerical solutions of the three-level model (solid line) as a
function of PA laser frequency difference, ∆ω = ωB−ωA, (c) with detuning ∆1/2pi = −1.5 MHz and intensity I = 0.66 W cm−2,
(d) with detuning ∆1/2pi = −1.5 MHz and intensity I = 0.17 W cm−2, (e) with detuning ∆1/2pi = −3 MHz and intensity I =
0.66 W cm−2, and (f) with detuning ∆1/2pi = −3 MHz and intensity I = 0.18 W cm−2. Note that the value of k [Eq. (4)]
used in the three-level model is different for each spectrum. Trap parameters, densities and other experimental conditions are
provided in Ref. [10].
The model neglects motional degrees of freedom for the
initial state of two free atoms and considers only three
levels: a dimer in the ground electronic state, the inter-
mediate dimer state in the excited electronic potential,
and two well-separated atoms. We numerically solve this
model and analyze many of its features with analytic ap-
proximations. We also briefly consider extensions of this
three-level model that add extra levels to capture some
3fine details of the AC Stark shift at large detuning.
We show that the three-level model captures key
experimentally observed features despite its simplicity.
Numerical simulations show that it accurately predicts
the appearance of additional spectral lines in the high-
intensity regime, and that these correspond to higher or-
der non-linear processes. It accurately captures the lo-
cation of the spectral peaks, including AC Stark shifts
from both lasers when intermediate state detuning, ∆1,
is comparable to E0b . Furthermore, when the intensity of
the lasers is not too small, the spectral lineshapes of indi-
vidual lines are reasonably well-captured. This indicates
that effects missing from this theory – the motion of the
atoms [21], interaction shifts due to molecules and atoms
scattering off of other molecules and atoms [22], and the
varying density within the trap [18] – are less relevant in
the regime of interest here.
We also develop a simplified analytic theory based on
a Floquet treatment of this model, similar to Ref. [23,
24], which captures the binding energy of the spectral
peaks, including their dependence on laser frequency and
intensity. The simple expression for binding energy is
given in Eq. (11). This will allow future experiments to
easily predict and analyze these features.
The experimental system used here is 86Sr, which has a
weakly bound halo state in its ground electronic channel.
The unperturbed binding energy of this halo state was
accurately determined in a companion paper [10]. Oth-
erwise, the only previous PA experiments with 86Sr have
been single-photon PA to excited electronic states [25–
27]. Photoassociation of Sr in general has been exten-
sively studied because of interest in its scattering prop-
erties [18, 25, 28], optical Feshbach resonances [29–31],
excited state molecular potentials [26, 27, 32], quantum
chemistry [33–37], ultracold chemistry [30, 38], and the
formation of ground state molecules [39–41], which has
important applications, for example, in precision mea-
surements [42]. We perform two-frequency photoassocia-
tion [6, 19, 43] of a ground state Sr molecule [10, 39–41],
similar to experiments in Yb [44] and Ca [45].
The Sr system has been extensively studied with ab
initio methods that predict photoassociation rates from
first principles [46]. We emphasize that here we focus on
an isolated few-level system and the new photassociation
phenomena that arise at high laser intensity where the
Rabi frequency is not small compared to Sr2 halo state
binding energy. We note that this is still a very low laser
intensity in another sense, in that the Rabi frequency re-
mains small compared to the detuning from other molec-
ular, rotational and vibrational states not part of the
isolated few-level system considered here. Rather than
calculate Frank-Condon factors and dipole transition ma-
trix elements from an ab initio approach [46, 47], we take
these as phenomenological fit parameters in our theoret-
ical descriptions. This is in the same spirit as typical
applications of the Bohn-Julienne description to photoas-
sociation spectra [6, 43], where only a few parameters –
which in principle are related to microscopic wavefunc-
tions – are important, and these are determined from
experiment. Once these parameters are fixed, this the-
ory is expected to be accurate when collisional energies
and Rabi frequencies are low compared to the detuning
to other energy states (ie where the system can still be
considered an isolated few-level system). This formalism
has been applied successfully in many settings [48, 49],
including systems with complicated electronic structures
such as Ca [45], Sr [10, 18, 32], and Yb [50].
In Sec. II, we describe the PA experiment and the key
features observed from the spectra. We introduce and
develop the three-level model in Sec. III. In Sec. IV, we
evaluate the model’s ability to replicate the binding en-
ergy obtained in experiment and introduce an analytic
treatment of the model using Floquet and perturbation
theory. Sec. V examines the effectiveness of the three-
level model in predicting spectral linshapes. Sec. VI ex-
plores higher order processes that become possible when
both lasers driving each leg of the transition are relevant,
and describes additional peaks observed in experiment.
II. EXPERIMENT
We perform two-frequency PA spectroscopy of 86Sr
atoms, where the atoms are coupled to a halo state on
the molecular potential of the 86Sr2 ground electronic
state through an intermediate molecular bound state.
Two PA lasers with frequencies ωA and ωB , intensities
IA and IB , and the same linear polarization are applied
to ultracold 86Sr in an optical dipole trap, as illustrated
in Fig. 1(a). The temperature in the trap is typically
300 nK. We use equal PA laser intensities in the experi-
ment, IA = IB = I. By scanning the frequency of laser
B, we obtain a spectrum of atom loss as a function of the
frequency difference of PA lasers, i.e. ∆ω = ωB − ωA,
in the regime ∆ω < 0. When the two-photon process
is resonant with the binding energy, ∆ω = Eb, there is
significant atom loss through inelastic processes acting
on the bound halo state and intermediate excited molec-
ular state, and we expect a peak to be present in the
atom loss spectrum. From the spectral peaks, we ex-
tract the binding energy by fitting the lineshape to a
convolution of the asymmetric loss function described in
Ref. [10] with a Lorentzian, which provides good fit to
the lineshape for all intensities. We measure spectra for
different intermediate-state detunings, ∆1 = ωA − E1,
and PA laser intensities to determine the dependence of
light shifts on these parameters. More details of the ex-
perimental setup can be found in Ref. [10], where low-
intensity spectra are reported and the unperturbed bind-
ing energy, E0b , was determined to be -83.0 ± 0.3 kHz.
In high-intensity measurements reported in the present
paper, we observe features absent in the Λ-model where
only a single laser drives each leg of the PA process. Most
notable are additional peaks near ∆ω = ±Eb/n for inte-
ger n, as shown in the spectra in Fig. 1(c-e). In Sec. VI,
we will explain these peaks in terms of non-linear pro-
4cesses illustrated in Fig. 1(b) that become possible with
the two-frequency drive. These additional peaks are more
apparent at higher PA laser intensity and lower detuning.
The peaks we observe in the experiment also experi-
ence strong light shifts, and understanding these is com-
plicated by both lasers driving each leg of the transi-
tion. We gain insight into the challenges that the two-
frequency drive presents for predicting the AC Stark shift
by considering two regimes. The first limit is when ωA
and ωB are far apart, corresponding to large binding en-
ergy. The two lasers oscillate at very different frequencies
and thus we do not expect the interference term to con-
tribute. In this case, the AC Stark effects from each laser
add independently, giving a contribution proportional to
IA
4(∆1−∆ω) +
IB
4∆1
for ∆ω > 0, a formula that has been
suggested and used in Refs. [22, 44]. The second limit is
when ωA and ωB are nearly equal and the electric fields
~EA and ~Eb add constructively, where the total electric
field amplitude is ~E = ~EA + ~EB . In this case, one ob-
tains a Stark shift proportional to IA+IB+2
√
IAIB
4∆1
. The
experiments reported in this paper were performed at an
intermediate regime to these limits. Section IV A will
present results from numerical simulations that describe
the shifts in this intermediate regime, and Section IV B
derives analytic expressions capable of capturing the be-
havior in relevant limits.
III. THREE-LEVEL MODEL
We model the PA experiment using a three-level sys-
tem with |0〉 representing two well-separated 86Sr atoms
in the 1S0 state, |1〉 representing the second least-bound
vibrational state of the 0+u molecular potential, and |2〉
representing the halo state, as shown in Fig. 1(a). Two
lasers with frequencies ωA and ωB , corresponding to the
PA lasers, are included to drive the two-frequency PA
process. Unlike the Λ-model where each laser will only
drive one transition, our model includes additional cou-
plings where laser A drives the transition 1→ 2 and laser
B drives the transition 0 → 1. We include decay terms
to describe atom loss in the system, with Γ1 representing
atom loss from the intermediate bound state due to natu-
ral decay and Γ2 representing loss from the halo state due
to collisions with background atoms. The Hamiltonian is
thus
Hˆ = [ΩA,01 cos(ωAt) + ΩB,01 cos(ωBt)] |0〉〈1|+ h.c.
+ [ΩB,12 cos(ωBt) + ΩA,12 cos(ωAt)] |1〉〈2|+ h.c.
+
(
E1 − iΓ1
2
)
|1〉〈1|+
(
E0b − i
Γ2
2
)
|2〉〈2|
(1)
where ΩL,T is the coupling from laser L driving transition
T . Using the rotating wave approximation and a suitable
basis change, we obtain
Hˆ =
(
ΩA,01
2
+
ΩB,01
2
ei∆ωt
)
|0〉〈1|+ h.c.
+
(
ΩB,12
2
+
ΩA,12
2
ei∆ωt
)
|1〉〈2|+ h.c.
+
(
−∆1 − iΓ1
2
)
|1〉〈1|+
(
−∆2 − iΓ2
2
)
|2〉〈2|
(2)
where ∆2 = −∆ω − E0b . In the experiment, both laser
intensities are equal, and thus we expect ΩB,12 = ΩA,12
and ΩB,01 = ΩA,01. However, the couplings for the two
transitions are different since the corresponding matrix
elements are different, and they can be characterised by
the parameter
x =
ΩB,12
ΩA,01
. (3)
From the results of Ref. [10], we know that for modeling
our experiment, x is large (x  1). Since the Rabi fre-
quencies depend on the laser electric field as Ω ∝ ~E, we
have
ΩB,12 = 2pik
√
IB (4)
for some constant k that we will determine through fits
with experimental data.
Our model neglects motional effects. However, pho-
toassociation is a scattering process, involving an initial
state of two free atoms, and thus the collision ampli-
tude will depend on energy. As we will show in Sec. V,
this limits our ability to accurately predict lineshapes in
the low intensity regime in which spectra are broadened
by the distribution of relative kinetic energies for initial
scattering states.
Nevertheless, numerically simulated spectra using the
three-level model do reproduce many features observed
in the experiments, such as additional peaks, AC Stark
shifts for a wide range of intensities and detuning, and
high-intensity lineshapes, as shown in Fig. 1(c-f).
The model produces an asymmetry between the ∆ω >
0 and ∆ω < 0 regime in the spectra. To understand this,
note that the AC Stark shift is dominated by laser cou-
pling on the 1→ 2 transition, and it largely depends on
the one-photon detunings of both lasers from this reso-
nance. To obtain the atom loss spectra, we fix ωA and
scan ωB . For the conditions of data in Fig. 1(c)-(f), as
∆ω = ωB−ωA increases from large negative to large pos-
itive, the single-photon detuning of laser B decreases and
its contribution to the AC Stark shift increases. The con-
tribution from laser A remains approximately constant.
IV. BINDING ENERGY
A. Numerical solution of three-level model
To determine the model parameters k, x, E0b , Γ1, and
Γ2, we numerically solve the time-dependent Schro¨dinger
5FIG. 2. (a) Difference in laser frequency, ∆ω, at peak atom loss, which we identify as the energy difference between state |0〉 and
|2〉. This corresponds to the energy (unperturbed energy + AC Stark shift) of the halo ground-state molecule. The frequency
at peak loss as a function of intensity is obtained from numerical simulation of the three-level model, given by Eq. (2), and the
PA experiment at various detunings, ∆1. We obtain a global k = 850 kHz(W/cm
2)−1/2 by fitting the ∆1/2pi = −1.5 MHz data
points. Note that the large detuning data is not used to determine k, but it contributes to the analysis in Fig. 3. (b) Same
plot of the ∆1/2pi = −1.5 MHz data as for (a), except that higher intensity data is included, for which the three-level model
predictions deviate from experimental results. Quadratic fits are plotted to guide the eye.
equation with the Hamiltonian in Eq. (2) with initial
state |0〉. The square of the magnitude of the coefficient
of |0〉 in the wavefunction after some time τ (duration the
PA lasers are on) gives the fraction of atoms remaining
in the optical trap, and this calculation can be repeated
at different ∆ω values to obtain an atom loss spectrum,
as shown in Fig. 1(c-f). A normalization parameter, N0,
is introduced to match the calculated number of atoms
remaining to that of the experiment, and its value differs
between plots at different intensities and intermediate
state detunings. We identify the laser frequency differ-
ence ∆ω of the atom loss peak as the energy difference
between |0〉 and |2〉, which corresponds to the molecular
binding energy, and we adjust the parameters to match
simulation with experiment. We find that x, Γ1, and Γ2
have little impact on the location of the main negative
peak [labeled n1 in Fig. 1(c)]. Therefore, we fix x = 40,
Γ1 = 1.1× 106 s−1 and Γ2 = 1.6× 104 s−1 for our analy-
sis, which can replicate roughly the main peak’s lineshape
for the I = 0.66 W/cm2 and ∆1 = −1.5 MHz spectrum in
Fig. 1(c). More accurate ways of determining the values
of x, Γ1, and Γ2 are examined in Sec. V.
At the range of intensities and detunings shown in
Fig. 2(a), we observe that the three-level model gen-
erally yields a linear relation between binding energy
and intensity. Hence, we obtain a value for the unper-
turbed binding energy of −82.9 kHz by linear extrapola-
tion of the low-intensity −1.5 MHz detuning data shown
in Fig. 2(a). This value is consistent with the more accu-
rate determination given in Ref. [10], which additionally
takes into account the effects of atomic densities, trap-
ping lasers and initial scattering state. A global value
of k = 850 kHz(W/cm2)−1/2 is then determined by mini-
mizing the least square distance between the model’s pre-
dicted binding energy and the same −1.5 MHz detuning
data.
With just two effective fitting parameters, k and E0b (x,
Γ1, and Γ2 have a negligible effect on peak location), we
find that the three-level model reproduces the experimen-
tal binding energies’ dependence on intensity for seven
∆1 values. Within the range of intensities and detun-
ing explored in Fig. 2(a), the difference between binding
energies obtained in model simulation and experiment is
below 4 kHz.
However, deviations between experiment and model
binding energies are observed at higher intensity values
for small detuning (when AC Stark shift is large), as
shown in Fig. 2(b). The model tends to underestimate
the binding energy, with the deviation getting larger with
increasing intensity. One possible reason for this is the
presence of an additional, high-lying level, |Y 〉, that can
couple with state 1 and alter the intermediate state en-
ergy. This modifies the AC Stark shift for state 0 and
state 2. We find through numerical simulations (not
shown) with |Y 〉 added to the three-level model [Eq. (2)],
suitable values of coupling, and EY ≈ 2E1, that the ad-
ditional state can account for this deviation. Although
this should not be construed as strong evidence for an
additional level at this energy, it does suggest that ad-
ditional levels at high energies are a candidate cause for
6FIG. 3. Plot of susceptibility as a function of detuning for
low-intensity data (for which light shift varies almost lin-
early). Note that in addition to the data from Fig. 2(a),
data for detunings above 6 MHz and below −9 MHz are in-
cluded. The data is fitted with the susceptibility predicted
from the Floquet treatment of the four-level model [First
derivative of Eq. (13) with respect to intensity in the low-
intensity limit], with the additional state having an energy of
approximately E1 + 2pi×44 MHz. Similarly, the susceptibility
obtained from the Floquet treatment of the three-level model,
given by Eq. (11), is also presented.
this effect.
A second discrepancy occurs at larger intermediate
state detunings (∆1). Here, there are also significant dif-
ferences between binding energy predicted by the three-
level model and experimental data. Considering only
low-intensity data where the light shift varies linearly
with intensity, Fig. 3 plots the susceptibility, χ, defined
by Eb − E0b = 2piχI, against detuning. This figure in-
cludes higher detuning data not included in Fig. 2(a).
These high-detuning data show a large discrepancy, es-
pecially for data with ∆1/2pi ≥9 MHz, likely due to the
presence of another intermediate state close to state 1
that couples to state 0. Further analysis is provided in
Sec. IV C.
B. Floquet Treatment
To obtain analytic insight into the three-level model,
we analyze the Hamiltonian with Floquet theory. Flo-
quet theory states that for a periodic Hamiltonian Hˆ with
period T , there exist Floquet state solutions of the form
|ψj(t)〉 = e−iεjt |φj(t)〉 (5)
where |φj(t)〉 is periodic with period T [51, 52]. Substi-
tuting the Floquet state solutions into the Schro¨dinger
equation and performing a Fourier expansion of the
Hamiltonian and |φj(t)〉, we arrive at the eigenvalue
equation∑
k,β
〈l, α|HˆF |k, β〉 〈k, β|φj(t)〉 = εj 〈l, α|φj(t)〉 (6)
where |l, α〉 = eilωt |α〉, ω = 2pi/T , and {|α〉} is an or-
thonormal basis. HˆF is termed the Floquet Hamilto-
nian and has the form 〈l, α|HˆF |k, β〉 = 〈α|H(l−k)|β〉 +
lωδklδαβ where H
(n) is the n-th Fourier coefficient of the
Hamiltonian Hˆ. Hence, we have transformed the time-
dependent periodic Hamiltonian into a time-independent
one, where familiar techniques can be used to obtain so-
lutions to the dynamics of the original Hamiltonian.
Numerical simulations indicate that shifts to the bind-
ing energy due to decay terms in the three-level model,
given by Eq. (2), are negligible. After neglecting them,
the model Hamiltonian is periodic with period T =
2pi/∆ω. Applying Floquet theory, we obtain the Floquet
Hamiltonian
HˆF =
∞∑
l=−∞
[
−∆1 |l, 1〉〈l, 1| −∆2 |l, 2〉〈l, 2|
+
ΩA,01
2
(|l, 0〉〈l, 1|+ h.c.)
+
ΩB,01
2
(|l, 0〉〈l − 1, 1|+ h.c.)
+
ΩA,12
2
(|l, 1〉〈l − 1, 2|+ h.c.)
+
ΩB,12
2
(|l, 1〉〈l, 2|+ h.c.)
+
2∑
α=0
l∆ω |l, α〉〈l, α|
]
.
(7)
Using the Floquet Hamiltonian, we find the binding en-
ergy following the argument of Shirley [51]. Shirley has
shown that the probability of a system initially in |α〉 at
time t = 0 to be in state |β〉 at time t is
Pα→β =
∑
l
∣∣∣ 〈l, β|e−iHˆF t|0, α〉∣∣∣2. (8)
When ∆ω ≈ −E0b , corresponding to E0,2 = −∆2 ≈ 0
where El,α refers to the energy of state |l, α〉, the near
resonance between |0, 0〉 and |0, 2〉 implies a strong tran-
sition between the two states. Therefore, the term
with |0, 2〉 in Eq. (8) would dominate and we neglect
all other l 6= 0 terms in the summation. Hence,
we focus only on the |0, 0〉 and |0, 2〉 states and the
near resonance condition allows us to apply second
order perturbation theory in ΩA,01 and ΩB,12, with
conditions |∆2|  {|∆1 + l∆ω|, |∆ω|} for integer l,
{ΩA,01,ΩB,12}  |∆1 + j∆ω| with j = −1, 0, 1, and
{∣∣Ω2A,01/4∆1∣∣, ∣∣Ω2B,12/4∆1∣∣}  |∆ω|. The second order
perturbation terms are generated via transition through
the intermediate states |−1, 1〉, |0, 1〉 and |1, 1〉, and this
allows us to rewrite the Floquet Hamiltonian into a 2×2
7FIG. 4. (Color online) Binding energy as a function of
intensity obtained from the full simulation, given by Eq. (2),
and analytic solution of Floquet theory, given by Eq. (11), at
various detuning for the three-level model.
effective Hamiltonian
〈0, 0|Hˆeff|0, 0〉 =Ω
2
A,01
4∆1
+
Ω2B,01
4(∆1 + ∆ω)
〈0, 2|Hˆeff|0, 2〉 =−∆2 +
Ω2A,12
4(∆1 −∆2 −∆ω)
+
Ω2B,12
4(∆1 −∆2)
〈0, 2|Hˆeff|0, 0〉 =ΩA,01ΩB,12
4∆1
〈0, 0|Hˆeff|0, 2〉 = ΩA,01ΩB,12
4(∆1 −∆2) ≈
ΩA,01ΩB,12
4∆1
.
(9)
For ∆ω ≈ −E0b , this analysis gives the main positive
peak [peak p1 in Fig. 1(c)]. If we use the resonance con-
dition for the main negative peak [peak n1 in Fig. 1(c)],
E−2,2 = E0b−∆ω ≈ 0, the same expressions are obtained,
except for an additional −2∆ω term in 〈0, 2|Hˆeff |0, 2〉.
Substituting the effective Hamiltonian into Eq. (8) to ob-
tain an expression for transition probability, we find that
the transition probability amplitude at long times, and
the atom loss rate, is maximized when 〈0, 0|Hˆeff|0, 0〉 =
〈0, 2|Hˆeff|0, 2〉.
Given that the laser coupling to the 0 → 1 transition
is small in the experiment (ΩA,01,ΩB,01  ΩA,12,ΩB,12),
the binding energy can be obtained by solving the
quadratic equation
∓∆ω = E0b +
Ω2B,12
4(∆1 + E0b + ∆ω)
+
Ω2A,12
4(∆1 + E0b )
(10)
FIG. 5. Energy levels and couplings of the four-level model.
State X is added to the three-level model and it couples to
both state 0 and state 2, with laser A detuning from the
0→ X transition defined as ∆X = ωA − EX .
where the negative sign corresponds to the peak asso-
ciated with ∆ω ≈ −E0b [process p1 in Fig. 1(b)] and
the positive sign to the case of ∆ω ≈ E0b [process n1 in
Fig. 1(b)]. Furthermore, since the two PA lasers have
the same intensity, we define ΩA,12 = ΩB,12 = Ω and the
result simplifies to
∓∆ω = E0b +
Ω2
4
(
1
∆1 + E0b + ∆ω
+
1
∆1 + E0b
)
. (11)
Fig. 4 shows that the binding energy predicted by
Floquet analysis closely reproduces the results from the
three-level model simulation. They closely agree even
outside the approximation’s strict regime of validity,
since even points in Fig. 4 with Stark shifts of 40 kHz are
close to the three-level model simulation results. Thus,
Eq. (11) provides a simple analytic formula to analyze
similar PA experiments in the future without the need to
do the full three-level simulation. Eq. (11) also matches
the light shift observations in past experiments [22, 44].
The forms of these light shift cannot be captured by the
Λ-model where only one laser drives each leg of the PA
process. Upon inspection, one notices that the light shift
in Eq. (11) is the sum of AC Stark shifts when the two
PA lasers act independently on the 1 → 2 transition,
corresponding to the limit of ωA and ωB being well-
separated. This suggests that for light shifts observed for
a bichromatic drive, one can safely treat the effect of AC
Stark shift from each laser independently at low intensi-
ties where the AC Stark shift is not too large compared
to the binding energy. However, at higher intensities,
the laser interference is no longer negligible and the Flo-
quet approximation would deviate from the numerically
calculated binding energy from Eq. (2).
C. Four-Level Model
Considering only low-intensity data where the binding
energy varies linearly with intensity, Fig. 3 shows that
there are deviations between susceptibility predicted by
the three-level model and experimental results when the
detuning is large. This may be due to the presence of
8another level |X〉. To test this hypothesis, we extend
the model by introducing the additional level X, which
couples to state 0 and is of higher energy than state 1,
as shown in Fig. 5. One could also assume a coupling
between state 2 and X, but we will see that it is not nec-
essary to reproduce the observations. The new Hamilto-
nian has three additional terms,
Hˆ ′ =Hˆ + EX |X〉〈X|
+ [ΩB,0X cos(ωBt) + ΩA,0X cos(ωAt)] |0〉〈X|+ h.c.
(12)
Applying the rotating wave approximation and following
the Floquet treatment, we can predict the binding energy
at low intensity by solving
∆ω =E0b +
Ω2B,12
4(∆1 + E0b + ∆ω)
+
Ω2A,12
4(∆1 + E0b )
− Ω
2
B,0X
4(∆X + ∆ω)
− Ω
2
A,0X
4∆X
(13)
where ∆X = ωA − EX . Additionally, we introduce a
parameter k2 to relate the Rabi frequency of the 0→ X
transition and laser intensity,
ΩB,0X = 2pik2
√
IB . (14)
There is close agreement between the four-level model
and experimental light shifts even for large detuning val-
ues shown in Fig. 3, where we performed a global fit of
parameters k, k2 and EX to susceptibility as a function
of detuning. This supports the hypothesis that an addi-
tional level approximately 44 MHz higher in energy than
state 1 causes light shift deviations that are unaccounted
for in the three-level model, given by Eq. (2). If one as-
sumes instead that state X is coupled only to state 2,
the sign of the AC Stark shift due to the additional level
would be negative at red-detuning, which is inconsistent
with the experimental observation in Fig. 3, where the
susceptibility is positive when red-detuned from state X.
Hence, the dominant coupling is between state X and
state 0. Two candidates for state X are unbound atoms
with one atom in the excited atomic state (3P1+
1S0),
and the least bound J = 1 state in the excited channel.
However, for any molecular level, it is very unlikely that
coupling to state 0 (free atoms) is stronger than coupling
to state 2 (molecule). Therefore, we conclude that the
dominant effect observed is the AC Stark shift of the
atomic levels due to coupling to the 3P1+
1S0 collisional
state, which is approximately 44.2 MHz higher in energy
than the intermediate bound state |1〉 [10, 26].
V. LINESHAPE
We find that the three-level model accurately repro-
duces the lineshape at high laser intensities. For low-
intensity spectra, the peak width and area are qualita-
tively accurate, but the detailed lineshape is less well
FIG. 6. PA spectrum obtained from experiment at ∆1/2pi =
−1.5 MHz and the three-level model fits at intensities (a) I =
0.66 W cm−2 and (b) I = 0.17 W cm−2 (by varying x and Γ1).
k is adjusted to match the model and experimental binding
energies.
reproduced, as shown in Fig. 6. The model gives a sym-
metric lineshape, which can be adjusted to match the
lineshape at high intensity where the experimental peak
is symmetric. However, an asymmetry that the model
is unable to capture is present in low-intensity spectral
peaks.
The asymmetry in experimental spectral peaks at low
intensity results from the distribution of possible colli-
sion energies in a finite-temperature gas [10]. For an
initial state consisting of two colliding 86Sr atoms, the
energy of the state is given by the relative kinetic en-
ergy, EK , instead of zero, where zero is the energy of two
atoms at rest at large separation. This results in a larger
energy gap between the initial state |0〉 and the bound
state |2〉 and thus requires a larger laser frequency differ-
ence to be on resonance. The initial collisional energies
(EK/2pi ∼ 3 kHz) should follow a Boltzmann distribu-
tion which would cause asymmetric broadening of the
lineshape towards larger frequency differences [21]. Since
the model does not take into account collisional effects,
it is unable to capture the asymmetry in these lineshapes
accurately. At higher intensities, thermal broadening
becomes less dominant compared to power broadening.
Hence, we observe more symmetric lineshapes, which the
model captures better.
For spectra obtained at detuning ∆1/2pi = −1.5 MHz,
the main negative peaks show an increasing area and line
width, as measured by the full-width at half-maximum
(FWHM), with intensity. As shown in Fig. 7(a),
9FIG. 7. (Color online) Plot of (a) FWHM and (b) area of main negative peak at various intensities for experimental data (blue
circles) and the three-level model with parameters k = 850 kHz(W/cm2)−1/2, x = 37.5, Γ1 = 1.6× 106 s−1 and Γ2 = 0 s−1
(red triangles). The line in (a) is a linear fit to the experimental data. In (b), the line serves to guide the eye through the
experimental data.
FWHM increases approximately linearly with intensity,
suggesting that power broadening causes the increasing
linewidth. The peak area shows an initial rise in value at
small intensities before leveling off at a higher intensity,
as shown in Fig. 7(b).
The three-level model can qualitatively capture the
general increase in FWHM and peak area as a func-
tion of intensity observed in experiment. Fixing k =
850 kHz(W/cm2)−1/2 (from Sec. IV A) and x = 37.5 (to
match the area of the I = 0.66 W cm−2 main negative
peak, which is largely insensitive to Γ1 and Γ2), we test
different values of Γ1 and Γ2, and find that the FWHM of
the ∆1/2pi = −1.5 MHz main negative peaks can be re-
produced over the full range of laser intensity with Γ1 =
1.6× 106 s−1 and Γ2 = 0 s−1. The plot of FWHM as a
function of intensity using these parameters [red trian-
gles in Fig. 7(a)] shows a general rising trend similar to
experimental data, but shows a decreasing slope as in-
tensity increases. The model also qualitatively matches
the variation of area with laser intensity [Fig. 7(b)]. The
value of Γ1 obtained here is much higher than its ex-
pected value as discussed in Ref. [10], whereas the value
of Γ2 is very small, consistent with its expected value.
Γ1 corresponds to the particle decay rate of state 1, the
second least bound state of the 0+u molecular potential,
which is expected to be 9.4× 104 s−1, twice the decay
rate of the 3P1 excited atomic state. Γ2 corresponds to
the decay from the molecular ground state via collisions
with background atoms, which is expected to be small,
of the order of 300 s−1 [10].
VI. HIGHER ORDER PEAKS
Additional peaks, most prominent for spectra at high
intensity and low detuning, are observed at approxi-
mately Eb/n for integer n in the experimental spectra
shown in Fig. 1(c-f), and these can be accounted for by
the model [Eq. (2)]. These would be absent in the Λ-
model, but with the addition of laser couplings ΩB,01
and ΩA,12, the features can be understood as result-
ing from higher order processes. For instance, the sec-
ond order resonance peaks present in Fig. 1(c) result
from a four-photon process [p2 and n2 in Fig. 1(b)],
with transitions through either 0
ωA−−→1 ωB−−→0 ωA−−→1 ωB−−→2 or
0
ωA−−→1 ωB−−→2 ωA−−→1 ωB−−→2, and detuning Eb/2 from states 0
or 2 in the intermediate step. These processes require
either laser B driving transition 1 → 0 or laser A driv-
ing transition 2 → 1, which are not present in typical
three-level models [20, 21].
These peaks, which are absent in conventional two-
frequency PA experiments, become prominent due to the
unusually low binding energy provided by the halo state
of 86Sr. When the binding energy is large, the detun-
ing from states 0 and 2 in the intermediate step of the
four-photon process is large, resulting in a small effec-
tive coupling between the two states relative to the cou-
pling in the two-photon process. This results in a sig-
nificantly lower transition probability through the four-
photon pathway.
The experimentally observed peaks deviate slightly
from the naive expectation that higher order peaks will
occur at Eb/n, but these deviations arise from varying
AC Stark shifts, and they are captured by numerical
simulations of the three-level model, given by Eq. (2).
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TABLE I. Comparison of binding energy associated with higher order peaks, as obtained from experiment, the numerical solution
of the three-level model [Eq. (2)], the result from Floquet and perturbation theory [Eq. (15)], and the naive expectation of
Eb/n for the n-th order peak. For the numerical and Floquet solutions, k is fitted at each intensity value such that the main
negative peak coincides with the experimentally determined binding energy.
Intensity Peak 1 Peak 2 [kHz] Peak 3 [kHz]
[W cm−2] [kHz] Exp Num Floq Eb/2 Exp Num Floq Eb/3
0.66 250.4 127.4 127.4 128.0 125.2 86.1 85.5 86.0 83.5
0.49 200.8 101.6 101.7 102.0 100.4 67.8 68.2 68.4 66.9
0.34 161.0 81.6 81.3 81.4 80.5 54.1 54.4 54.5 53.7
0.17 119.9 60.0 60.3 60.3 60.0 - - - -
As shown in Fig. 6, the model peak locations match the
experimental peaks better than the naively expected val-
ues. The Floquet treatment provides an approximate
equation predicting the binding energy of the n-th order
peak in the experiment,
n∆ω = E0b +
Ω2
4
(
1
∆1 + E0b
+
1
∆1 + E0b + ∆ω
)
. (15)
The light shift varies across the full spectrum of peaks
because the detuning of laser B from the |1〉 → |2〉 one-
photon transition is varying, giving rise to a changing AC
Stark shift contribution from laser B. When ∆ω < 0, as
in the experiment, the higher order peaks imply a higher
binding energy than naively expected from the main neg-
ative peak. In contrast, when ∆ω > 0, the higher order
peaks imply a lower binding energy than naively expected
from the main positive peak, consistent with an increas-
ing downward shift of |2〉 with increasing frequency of
laser B. For the second order perturbation theory to be
valid, Ω
2
4∆1
 ∆ω (low-intensity limit). However, the
experimental locations of higher order peaks relative to
the main negative peak appear to be well captured even
when the AC Stark shift is not low compared to the bind-
ing energy. Using Eq. (15), we fit k for each intensity
value such that the predicted main negative peak bind-
ing energy matches the experimental main peak, and use
the same k to generate predictions of binding energies
of higher order peaks. We perform a similar calculation
to obtain predictions from the numerical solution of the
three-level model, given by Eq. (2). The predicted values
from both the numerical solution and Floquet analysis
shown in Table I generally match the experimental val-
ues better than the naive expectation.
Despite reproducing the binding energy and qualita-
tively explaining the behavior of satellite peak areas,
the three-level model does not fully capture the num-
ber of atoms lost for higher order processes, as observed
in Fig. 6 where the higher order peaks in the three-level
model simulation have a smaller area than experimen-
tally observed. This could be linked to the model’s ne-
glect of the collisional and density-dependent aspects of
the process. During the experiment, the atomic density
decreases over time as atoms are lost, leading to a de-
crease in atomic collision rates and thus rate of atom loss,
which scales as dndt ∝ n2 for a two-body scattering pro-
cess [10]. In contrast, the loss rate in the model is simply
proportional to the number of molecules, and thus scales
as dndt ∝ n. Therefore, the model overestimates the num-
ber of atoms lost when n decreases and this discrepancy
is most significant when the atom loss is high. Since we
normalize the model results to the main negative peak,
where atom loss is the highest in the spectrum, we ob-
serve that the model underestimates the atom loss in the
higher order peaks, as shown in Fig. 6.
VII. CONCLUSION
We have shown that for bichromatic driving of a PA
process in a three-level system with unperturbed binding
energy that is not small compared to detuning or AC
Stark shifts, it is important to consider that each laser
can couple to both transition legs. Including this effect
results in predictions of strong light shifts arising from
both PA lasers and higher order peaks arising from multi-
photon processes, which we observe in ultracold 86Sr PA
experiments.
Using a simple three-level model, we explain the ori-
gin of higher order peaks as alternate resonance processes
that only appear in the simulations when the additional
laser couplings, ΩA,12 and ΩB,01, are included. The
model also predicts the binding energies at various detun-
ing and intensities with predominantly two fitting param-
eters, k and E0b , and weak dependence on x, Γ1, and Γ2.
We derive simple analytic forms for the binding energy by
combining Floquet and perturbation theory, confirming
earlier conjectures that the light shift is a sum of indepen-
dent AC Stark shifts from each of the lasers [22, 44]. Al-
though the analytic results rely on certain limits, the nu-
merical calculations and comparison with experiment in-
dicate that these expressions are quite accurate for most
intensities and detunings studied in this work. This pro-
vides a foundation for future work, circumventing the
need for simulations when analyzing experimental PA
spectra under many experimentally-relevant conditions.
We also consider the lineshapes. The model is able
to capture the symmetric lineshapes for high-intensity
spectral peaks, and also replicate qualitatively the gen-
eral trends in linewidth and area for −1.5 MHz detuning
data. However, the model is unable to reproduce the
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asymmetric broadening in low-intensity spectral peaks,
likely due to neglecting collisional and scattering effects.
Therefore, to have a complete theoretical model of the
PA spectral lineshapes, it is essential to include the col-
lisional effects of two-atom scattering.
The presence of a weakly bound halo state of 86Sr2 at
approximately −83.0 kHz, determined in Ref. [10], and
the strong light shift experienced by this state, observed
in this work, open up the possibility of using coupling
to the intermediate state, |1〉, to tune the halo state into
collisional resonance, and thus tune the atom-atom scat-
tering length. This could serve as a mechanism for op-
tically controlling a Feshbach resonance in alkaline-earth
atoms, where a magnetic Feshbach resonance is not pos-
sible due to the lack of hyperfine structure. The ability to
easily tune the scattering length broadens the explorable
range of few and many-body physics. Our results here,
both theory and experimental, provide an foundation to
implement this technique.
ACKNOWLEDGMENTS
This work was supported by the Welch Foundation (C-
1844 and C-1872) and the National Science Foundation
(PHY-1607665). W. Y. K. thanks Nanyang Technologi-
cal University for financial support through the CN Yang
Scholars Programme.
[1] P. D. Lett, K. Helmerson, W. D. Phillips, L. P. Ratliff,
S. L. Rolston, and M. E. Wagshul, Phys. Rev. Lett. 71,
2200 (1993).
[2] J. D. Miller, R. A. Cline, and D. J. Heinzen, Phys. Rev.
Lett. 71, 2204 (1993).
[3] P. O. Fedichev, Y. Kagan, G. V. Shlyapnikov, and
J. T. M. Walraven, Phys. Rev. Lett. 77, 2913 (1996).
[4] M. Theis, G. Thalhammer, K. Winkler, M. Hellwig,
G. Ruff, R. Grimm, and J. H. Denschlag, Phys. Rev.
Lett. 93, 123001 (2004).
[5] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev.
Mod. Phys. 82, 1225 (2010).
[6] K. M. Jones, E. Tiesinga, P. D. Lett, and P. S. Julienne,
Rev. Mod. Phys. 78, 483 (2006).
[7] N. Vanhaecke, C. Lisdat, B. T’Jampens, D. Comparat,
A. Crubellier, and P. Pillet, Eur. Phys. J. D 28, 351
(2004).
[8] J. Kim, U. D. Rapol, S. Moal, J. Le´onard, M. Walhout,
and M. Leduc, Eur. Phys. J. D 31, 227 (2004).
[9] J. L. Bohn, A. M. Rey, and J. Ye, Science 357, 1002
(2017).
[10] J. A. Aman, J. C. Hill, R. Ding, K. R. A. Hazzard, T. C.
Killian, and W. Y. Kon, Phys. Rev. A 98, 053441 (2018).
[11] K. Riisager, D. V. Fedorov, and A. S. Jensen, Europhys.
Lett. 49, 547 (2000).
[12] S. Stellmer, F. Schreck, and T. C. Killian, “Degener-
ate quantum gases of strontium,” in Annual Review of
Cold Atoms and Molecules, Vol. 2 (World Scientific, 2014)
Chap. 1, pp. 1–80.
[13] A. D. Ludlow, M. M. Boyd, J. Ye, E. Peik, and P. O.
Schmidt, Rev. Mod. Phys. 87, 637 (2015).
[14] M. A. Cazalilla and A. M. Rey, Rep. Prog. Phys. 77,
124401 (2014).
[15] A. V. Gorshkov, M. Hermele, V. Gurarie, C. Xu, P. S.
Julienne, J. Ye, P. Zoller, E. Demler, M. D. Lukin, and
A. M. Rey, Nat. Phys. 6, 289 (2010).
[16] T. Ko¨hler, K. Go´ral, and P. S. Julienne, Rev. Mod. Phys.
78, 1311 (2006).
[17] C. Chin and P. S. Julienne, Phys. Rev. A 71, 012713
(2005).
[18] Y. N. Martinez de Escobar, P. G. Mickelson, P. Pellegrini,
S. B. Nagel, A. Traverso, M. Yan, R. Coˆte´, and T. C.
Killian, Phys. Rev. A 78, 062708 (2008).
[19] E. R. I. Abraham, W. I. McAlexander, C. A. Sackett,
and R. G. Hulet, Phys. Rev. Lett. 74, 1315 (1995).
[20] H.-I. Yoo and J. H. Eberly, Phys. Rep. 118, 239 (1985).
[21] J. L. Bohn and P. S. Julienne, Phys. Rev. A 54, R4637
(1996).
[22] R. Wynar, R. S. Freeland, D. J. Han, C. Ryu, and D. J.
Heinzen, Science 287, 1016 (2000).
[23] T.-S. Ho and S.-I. Chu, Phys. Rev. A 31, 659 (1985).
[24] K. Wang, T.-S. Ho, and S.-I. Chu, J. Phys. B 18, 4539
(1985).
[25] P. G. Mickelson, Y. N. Martinez, A. D. Saenz, S. B.
Nagel, Y. C. Chen, T. C. Killian, P. Pellegrini, and
R. Coˆte´, Phys. Rev. Lett. 95, 223002 (2005).
[26] M. Borkowski, P. Morzyn´ski, R. Ciury lo, P. S. Julienne,
M. Yan, B. J. DeSalvo, and T. C. Killian, Phys. Rev. A
90, 032713 (2014).
[27] B. J. Reschovsky, B. P. Ruzic, H. Miyake, N. C. Pisenti,
P. S. Julienne, and G. K. Campbell, arXiv:1808.06507.
[28] M. Yasuda, T. Kishimoto, M. Takamoto, and H. Katori,
Phys. Rev. A 73, 011403(R) (2006).
[29] S. Blatt, T. L. Nicholson, B. J. Bloom, J. R. Williams,
J. W. Thomsen, P. S. Julienne, and J. Ye, Phys. Rev.
Lett. 107, 073202 (2011).
[30] M. Yan, B. J. DeSalvo, B. Ramachandhran, H. Pu, and
T. C. Killian, Phys. Rev. Lett. 110, 123201 (2013).
[31] T. L. Nicholson, S. Blatt, B. J. Bloom, J. R. Williams,
J. W. Thomsen, J. Ye, and P. S. Julienne, Phys. Rev. A
92, 022709 (2015).
[32] T. Zelevinsky, M. M. Boyd, A. D. Ludlow, T. Ido, J. Ye,
R. Ciury lo, P. Naidon, and P. S. Julienne, Phys. Rev.
Lett. 96, 203201 (2006).
[33] B. H. McGuyer, C. B. Osborn, M. McDonald, G. Rein-
audi, W. Skomorowski, R. Moszynski, and T. Zelevinsky,
Phys. Rev. Lett. 111, 243003 (2013).
[34] B. H. McGuyer, M. McDonald, G. Z. Iwata, M. G.
Tarallo, W. Skomorowski, R. Moszynski, and T. Zelevin-
sky, Nat. Phys. 11, 32 (2014).
[35] B. H. McGuyer, M. McDonald, G. Z. Iwata, W. Sko-
morowski, R. Moszynski, and T. Zelevinsky, Phys. Rev.
Lett. 115, 053001 (2015).
[36] S. S. Kondov, C.-H. Lee, M. McDonald, B. H. McGuyer,
I. Majewska, R. Moszynski, and T. Zelevinsky, Phys.
Rev. Lett. 121, 143401 (2018).
[37] I. Majewska, S. S. Kondov, C.-H. Lee, M. McDonald,
B. H. McGuyer, R. Moszynski, and T. Zelevinsky, Phys.
12
Rev. A 98, 043404 (2018).
[38] M. McDonald, B. H. McGuyer, F. Apfelbeck, C.-H. Lee,
I. Majewska, R. Moszynski, and T. Zelevinsky, Nature
535, 122 (2016).
[39] S. Stellmer, B. Pasquiou, R. Grimm, and F. Schreck,
Phys. Rev. Lett. 109, 115302 (2012).
[40] A. Ciamei, A. Bayerle, B. Pasquiou, and F. Schreck,
Europhys. Lett. 119, 46001 (2017).
[41] C. P. Koch, Phys. Rev. A 78, 063411 (2008).
[42] T. Zelevinsky, S. Kotochigova, and J. Ye, Phys. Rev.
Lett. 100, 043201 (2008).
[43] J. L. Bohn and P. S. Julienne, Phys. Rev. A 60, 414
(1999).
[44] M. Kitagawa, K. Enomoto, K. Kasa, Y. Takahashi,
R. Ciury lo, P. Naidon, and P. S. Julienne, Phys. Rev. A
77, 012719 (2008).
[45] E. Pachomow, V. P. Dahlke, E. Tiemann, F. Riehle, and
U. Sterr, Phys. Rev. A 95, 043422 (2017).
[46] W. Skomorowski, R. Moszynski, and C. P. Koch, Phys.
Rev. A 85, 043414 (2012).
[47] W. Skomorowski, F. Pawowski, C. P. Koch, and
R. Moszynski, The Journal of Chemical Physics 136,
194306 (2012).
[48] C. Lisdat, N. Vanhaecke, D. Comparat, and P. Pillet,
Eur. Phys. J. D 21, 299 (2002).
[49] L. E. E. de Araujo, J. D. Weinstein, S. D. Gensemer,
F. K. Fatemi, K. M. Jones, P. D. Lett, and E. Tiesinga,
J. Chem. Phys. 119, 2062 (2003).
[50] M. Borkowski, R. Ciury lo, P. S. Julienne, S. Tojo,
K. Enomoto, and Y. Takahashi, Phys. Rev. A 80, 012715
(2009).
[51] J. H. Shirley, Phys. Rev. 138, B979 (1965).
[52] M. Grifoni and P. Hnggi, Phys. Rep. 304, 229 (1998).
